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Fundamentals Physics

Eleventh Edition

Halliday

[
Chapter 4

Motion in Two and Three Dimensions

]
4-1 Position and Displacement ots)

Learning Objectives

4.01 Draw two-dimensional and three-dimensional
position vectors for a particle, indicating the
components along the axes of a coordinate system.

4.02 On a coordinate system, determine the direction and
magnitude of a particle's position vector from its
components, and vice versa.

4.03 Apply the relationship between a particle’s
displacement vector and its initial and final position
vectors.
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4-1 Position and Displacement (ot4)

To locate the
particle, this
is how far
parallel to z.

A position vector locates a particle
In space
o Extends from a reference point

This is how far
parallel to y.

(origin) to the particle )
| This is how far
PO ® % . parallel to x.
r=xi+yj+zk, = Equation@) | ek /
(-3 m)i .
Example "7 ’
Position vector (—3m, 2m, Sm) 47
r=(-3m)i+(2m)j+(5m)k
Copyright © 2014 John Wiley & Sons, Inc. All rights reserved. F i g u re 4- 1
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4-1 Position and Displacement ots)

y (m)

Position of particle is specified by .

F(t) = X + y(t) ] i X

which is a vector depending on time.

Can be separated into motion for each
separate direction. y

40

30 x(m

LN \\ .

/ N . N\

\ o N
\ -60

0 10 20 30 s x=-0312+72t+28

y = 022¢ — 9.1¢ + 30.
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4-1 Position and Displacement @ots)

» Change in position vector is a displacement
AT = r: — Fl Equation (4-2)
* We can rewrite this as:
AT = (x,- xl)er(y2 - yl)] +(z,-2,)k, Equation (4-3)

» Or express it in terms of changes in each coordinate:

AT = AXi + Ay] + Azk. Equation (4-4)
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4-2 Average Velocity and Instantaneous
Velocity @ of10)

Learning Objectives

4.04 ldentify that velocity is a vector quantity and thus has both
magnitude and direction and also has components.

4.05 Draw two-dimensional and three-dimensional velocity vectors
for a particle, indicating the components along the axes of the
coordinate system.

4.06 In magnitude-angle and unit-vector notations, relate a particle’s
initial and final position vectors, the time interval between
those positions, and the particle’s average velocity vector.

4.07 Given a particle’s position vector as a function of time,
determine its (instantaneous) velocity vector.
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4-2 Average Velocity and Instantaneous
Velocity @of10)
* Average velocity is
o Adisplacement divided by its time interval
-
At

 We can write this in component form:

Equation (4-8)

\7avg = w = ﬂi + ﬂ] + Az K. Equation (4-9)
At At AT At
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4-2 Average Velocity and Instantaneous
Velocity @of1o)

Example
* Aparticle moves through displacement
(12m)i+ (3.0 m)k
in2.0s:
- Ar (12m)i+(3.0m)k

Van = —=

v 505 =(6.0m/s)i+(1.5m/s)k.
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4-2 Average Velocity and Instantaneous
Velocity @of10)

* Instantaneous velocity is
o The velocity of a particle at a single point in time

o The limit of avg. velocity as the time interval shrinks
to0

- dr _
V=—. Equation (4-10)
dt
Copyright ©2018 John Wiley & Sons, Inc 9

4-2 Average Velocity and Instantaneous
Velocity of10)

* Visualize displacement and instantaneous velocity:

As the particle moves, The velocity vector is always
the position vector tangent to the path.
must change. y

Tangent \ Tasgent

This is the ! These are the x and y

2 . s
displacement. ~ components of the vector
at this instant.
Path Path

0 % 0 X

Coppright © 1914 John Wiley & Sees toc. A8 rights reverved.

Copyright © 2014 John Wiley & Sons, Inc. Al ights reserved.

Figure 4-3 Figure 4-4
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4-2 Average Velocity and Instantaneous
Velocity of10)

The direction of the instantaneous velocity v of a particle is
always tangent to the particle’s path at the particle’s position.

* In unit-vector form, we write:

- d/~ a dx: dys dz
Vv=—i/(xi+Vyj+zk|=—i+—=Lj+—k.
dt( yi+ k) i atd
* Which can also be written:
V= VX/i\ + Vy] +V, K, Equation (4-11)
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4-2 Average Velocity and Instantaneous
Velocity ¢ of10)

_dx _dy q _dz .
vV, = E’ Vy = E’ an vV, = E Equation (4-12)

* Note: a velocity vector does not extend from one point
to another, only shows direction and magnitude
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4-2 Average Velocity and Instantaneous
Velocity @of10)

Checkpoint 1
The figure shows a circular path taken by a particle. If the
instantaneous velocity of the particle is v=(2 m/s)i—(2 m/s)],

through which quadrant is the particle moving at that instant if it is
traveling (a) clockwise and (b) counterclockwise around the circle?

For both cases, draw v on the figure.

Copyright ©2018 John Wiley & Sons, Inc 13
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4-2 Average Velocity and Instantaneous
Velocity ©of10)
Answer:
(a) Quadrant | :—:
(b) Quadrant 111
N
14



[ To get the magnitude and angle of ¥, either we use a

4-2 Avg. Velocity and Inst. Velocity (100f10)

Two-dimensional velocity, rabbit run

For the rabbit in the preceding Sample Problem, find the ve- v = \/Vi +vi= V(—21m/is) + (—2.5mis)?
locity ¥ at time 7 = 15s. =33 miks (Answer)
nd 0=t S g (Z25mA)
= v, —21mfs
We can find V by taking derivatives of the components of —tan'1.19 = —130° (Answer)

the rabbit’s position vector.

Check:Isth e —130° or —130° + 180° = 50°7
Calculations: Applying the v, part of Eq. 4-12 to SlHEHIE or

Eq. 4-5, we find the x component of V to be

¥ (m)
dx d
=——=— (0312 + 72t + 28 40
T a T ( )
= —0.62t + 7.2. (4-13) 20
At t = 15 s, this gives v, = —2.1 m/s. Similarly, applying the
v, part of Eq. 4-12 to Eq.4-6, we find ol T % x (m)
dy d 2 2
S S - -20)
V= a (0.22¢ — 9.1 + 30)
=044t — 9.1. (4-14) i
At t =155, this gives v, = —2.5m/s. Equation 4-11 then o N
yields —60
V= (—21mfs)i + (—25m/s)j, (Answer)
o . . ) These are the xand y
‘which is shown in Fig. 4-5, tangent to the rabbit’s path and in components of the vector 0312472428
the direction the rabbit is running at r = 15 s. at this instant. r==" i

y =022 — 9.1t + 30.

vector-capable calculator or we follow Eq. 3-6 to write Fig. 4-5 The rabbit’s velocity Vat f = 15 s.
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4-3 Average Acceleration and
Instantaneous Acceleration @ ws)

Learning Objectives

4.08 Identify that acceleration is a vector quantity, and thus has both
magnitude and direction.

4.09 Draw two-dimensional and three-dimensional acceleration vectors
for a particle, indicating the components.

4.10 Given the initial and final velocity vectors of a particle and the time
interval, determine the average acceleration vector.

4.11 Given a particle's velocity vector as a function of time, determine its
(instantaneous) acceleration vector.

4.12 For each dimension of motion, apply the constant-acceleration
equations (Chapter 2) to relate acceleration, velocity, position, and
time.

Copyright ©2018 John Wiley & Sons, Inc
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4-3 Average Acceleration and
Instantaneous Acceleration s

* Average acceleration is
o A change in velocity divided by its time interval
- Va-Vi AV

avg = =—. Equation (4-15)
At At

* Instantaneous acceleration is again the limit t — 0:

- dv
a=—. Equation (4-16)
dt
Copyright ©2018 John Wiley & Sons, Inc 17
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4-3 Average Acceleration and
Instantaneous Acceleration ws)

» We can write Eq. 4-16 in unit-vector form:

—

= %(vxhvyﬁvzk)

Copyright ©2018 John Wiley & Sons, Inc 18
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4-3 Average Acceleration and
Instantaneous Acceleration wts

* \WWe can rewrite as:

a=ai+a j+a,k, Equation (4-17)
dv dv dv
a=—2=, a=—2>, and a =—2=. Equation (4-18)
dt Yoodt

dt

* To get the components of acceleration, we differentiate
the components of velocity with respect to time

Copyright ©2018 John Wiley & Sons, Inc 19
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4-3 Average Acceleration and
Instantaneous Acceleration sws)

These are the x and y
components of the vector
Y at this instant.

Figure 4-6

Copyright ©2018 John Wiley & Sons, Inc 20
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4-3 Average Acceleration and
Instantaneous Acceleration @tws)
* Note: as with velocity, an acceleration vector does not

extend from one point to another, only shows direction
and magnitude

Copyright ©2018 John Wiley & Sons, Inc 21
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4-3 Average Acceleration and
Instantaneous Acceleration zws)

Checkpoint 2

Here are four descriptions of the position (in meters) of a puck as it moves
in an xy plane: Answer:
. X=-3t2+4t-2 and y=6t2-4t 1) x:yes,y:yes a:yes

1

2. x=-3t*-4t and y=-5t2+6 2) Xx:Nno,Yy:Yyes, a:no
3. r=2t%i—(4t+3)]j 3) x:yes, y:yes a:yes
4

. T =(4t2 - 2t)i+3] 4) X:no,y:yes, a:no
Are the x and y acceleration components constant? Is acceleration a
constant?

Copyright ©2018 John Wiley & Sons, Inc 22
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4-3 Avg. Acceleration and Inst. Acceleration

(8to 8)

For the rabbit in the preceding two Sample Problems, find
the acceleration @ at time t = 15's.

KEY IDEA

We can find @ by taking derivatives of the rabbit’s velocity
components.

Calculations: Applying the a, part of Eq. 4-18 to Eq. 4-13,
we find the x component of @ to be
dv, d 2
a, == (—0.62¢t + 7.2) = —0.62 m/s".
Similarly, applying the a, part of Eq. 4-18 to Eq. 4-14 yields
the y component as
=D _ 4 s 01) = 044mie
a, = dr_d!(' .1) = 0.44 m/s®.
‘We see that the acceleration does not vary with time (it is a
constant) because the time variable t does not appear in the
expression for either acceleration component. Equation 4-17
| thenyields

Two-dimensional acceleration, rabbit run

@ = (—0.62m/sDi + (0.44 m/s?)j, (Answer)
which is superimposed on the rabbit’s path in Fig. 4-7.

¥ (m)

Fig. 4-7 The acceler-
ation @ of the rabbit at
t = 15 s. The rabbit
happens to have this
same acceleration at
all points on its path.

These are the xand y
components of the vector
at this instant.

Copyright ©2018 John Wiley & Sons, Inc 23
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4-4 Projectile Motion ofs)

Learning Objectives

flight.

launch velocity.

4.13 On a sketch of the path taken in projectile motion, explain
the magnitudes and directions of the velocity and
acceleration components during the flight.

4.14 Given the launch velocity in either magnitude-angle or
unit-vector notation, calculate the particle's position,
displacement, and velocity at a given instant during the

4.15 Given data for an instant during the flight, calculate the

Copyright ©2018 John Wiley & Sons, Inc 24
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4-4 Projectile Motion oris)

* Aprojectile is

o Aparticle moving in the vertical plane

o With some initial velocity

o Whose acceleration is always free-fall acceleration (g)
» The motion of a projectile is projectile motion

* Launched with an initial velocity v,

= Launch velocity . ~ A - ]
V(}‘.‘ vof Vo = VOxl +V0y J Equation (4-19)

a': Launch angle — — 1 i
- S¢ Vo, =V,C08 6, and v, =vsing,. Equation (4-20)
In projectile motion, the horizontal motion and the vertical motion are
independent of each other; that is, neither motion affects the other.

Copyright ©2018 John Wiley & Sons, Inc 25
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4-4 Projectile Motion or1s)

 Therefore, we can decompose two-dimensional motion
into 2 one-dimensional problems

Richard Megna/Fundamental Photographs

Figure 4-10

Copyright ©2018 John Wiley & Sons, Inc 26
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]
4-4 Projectile Motion (ors)

Checkpoint 3

At a certain instant, a fly ball has velocity v = 25i —4.9]

(the x axis is horizontal, the y axis is upward, and v

Is in meters per second). Has the ball passed its highest
point?

Answer:
Yes. The y-velocity is negative, so the ball is now falling.

Copyright ©2018 John Wiley & Sons, Inc 27
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4-4 Projectile Motion sor1s)

* Horizontal motion:

o No acceleration, so velocity is constant (recall Eq. 2-
15):

=~ 2 Launch velocity — —
o : X=X, =V
Voy

Lunchange X — X = (V, COSH, )t. Equation @-21)

Copyright ©2018 John Wiley & Sons, Inc 28
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4-4 Projectile Motion or1s)

* Vertical motion:
o Acceleration is always -g (recall Egs. 2-15, 2-11, 2-

16):
__ . 1
T’n Launch velocity _ = V t _ - t2
V{h‘ i y yO 0y 2 g
1 a’: Launch angle 1
o = (v, sin g))t —Egtz, Eq. (4-22)
wi v .
ng vV, =V, sin 0, — gt Eq. (4-23)
. 2
Copyright ©2018 John Wiley & Sons, Inc 29
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4-4 Projectile Motion or1s)

* The projectile’s trajectory is
o Its path through space (traces a parabola)
o Found by eliminating time between Egs. 4-21 and 4-
22: X2
» y= (tan 90)X - g > Equation (4-25)
2(v, cos 6,)

-
-l
|
—

«-Llﬂ
h.'l'_ ]

o
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4-4 Projectile Motion ors)

» The horizontal range is:

returns to its initial height

W7 g

J

O

2
R = 20 sjn 20,.

o The distance the projectile travels in x by the time it

Equation (4-26)

o

R

The horizontal range R is maximum for a launch angle of 45°.

Copyright ©2018 John

Wiley & Sons, Inc
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4-4 Projectile Motion of1s)

Projectile dropped from airplane

In Fig. 4-14, a rescue plane flies at 198 km/h (= 55.0 m/s) and
constant height # = 500 m toward a point directly over a
victim, where a rescue capsule is to land.

(a) What should be the angle ¢ of the pilot’s line of sight to
the victim when the capsule release is made?

KEY IDEAS

Once released, the capsule is a projectile, so its horizontal
and vertical motions can be considered separately (we need
not consider the actual curved path of the capsule).

Calculations: In Fig. 4-14, we see that ¢ is given by

& = tan"! % @-27)
where x is the horizontal coordinate of the victim (and of
the capsule when it hits the water) and & = 500 m. We
should be able to find x with Eq.4-21:

X — Xp = (Vo cos B)t. (4-28)

Here we know that x, = 0 because the origin is placed at
the point of release. Because the capsule is released and
not shot from the plane, its initial velocity Vy is equal to
the plane’s velocity. Thus, we know also that the initial ve-
locity has magnitude vy =55.0m/s and angle 4, =0°
(measured relative to the positive direction of the x axis).
However, we do not know the time ¢ the capsule takes to
move from the plane to the victim.

To find 1, we next consider the verfical motion and
specifically Eq.4-22:

¥ = yo = (vosin 6)t — 321 (4-29)

Here the vertical displacement y — y; of the capsule is

—500 m (the negative value indicates that the capsule
moves downward). So,

~500m = (55.0 m/s)(sin 0°)¢ — 4(9.8 m/s?)r2. (4-30)

Solving for t, we find f = 10.1 s. Using that value in Eq. 4-28
yields

x — 0= (55.0 m/s)(cos 0°)(10.1 s). (4-31)
or x=15555m.
Then Eq. 4-27 gives us
5555 m
— tan™! - o
¢ = tan S00m 48.0°. (Answer)

32
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4-4 Projectile Motion oot 1s)

(b) As the capsule reaches the water, what is its velocity ¥ in
5 unit-vector notation and in magnitude-angle notation?

] Yo
%—p—%—k%— x
=0 KEY IDEAS

7, Z . y
e (1) The horizontal and vertical components of the capsule’s
. velocity are independent. (2) Component v, does not
h Y P .P. P A

“ne \ change from its initial value vy, = v cos 6, because there is
o B 3
"fzg,,)[ N no horizontal acceleration. (3) Component v, changes from
N its initial value vy, = vysin &, because there is a vertical
acceleration.

<l

Calculations: When the capsule reaches the water,
v, = Vg cos f = (55.0 m/s)(cos 07) = 55.0 m/s.
Using Eq. 4-23 and the capsule’s time of fall r = 10.1 s, we
also find that when the capsule reaches the water,
v, = vgsin 6, — gt (4-32)
= (55.0 m/s)(sin 0°) — (9.8 m/s?)(10.1 s)
= —99.0m/s.
Thus, at the water
¥ = (55.0m/s)i — (99.0m/s)j.  (Answer)

Using Eq. 3-6 as a guide, we find that the magnitude and the
angle of v are

v=113m/s and &= —609°  (Answer)

Copyright ©2018 John Wiley & Sons, Inc 33
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4-4 Projectile Motion q1ors)

Checkpoint 4

A fly ball is hit to the outfield. During its flight (ignore the effects of
the air), what happens to its (a) horizontal and (b) vertical
components of velocity? What are the (c) horizontal and (d) vertical
components of its acceleration during ascent, during descent, and at
the topmost point of its flight?

Answer:

(a) is unchanged

(b) decreases (becomes negative)
(c) 0 at all times

(d) —g(-9.8m/s?) at all times

Copyright ©2018 John Wiley & Sons, Inc 34
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4-4 Projectile Motion 2ot
Shooting a Monkey

Copyright ©2018 John Wiley & Sons, Inc 35
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4-4 Projectile Motion (sors)

Shooting a Monkey
If there were no gravity, simply aim at the monkey

N
=71 -7

< N
N
\

ol =79 -

Copyright ©2018 John Wiley & Sons, Inc 36
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4-4 Projectile Motion (aor1s)

Shooting a Monkey
With gravity, still aim at the monkey!

=7
1.,
0t+§gt =

(S

7 = Dot +3g¢2

Copyright ©2018 John Wiley & Sons, Inc 37
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4-4 Projectile Motion @sors)

* In these calculations we assume air resistance is negligible
* In many situations this is a poor assumption:
Table 4-1 Two Fly Balls? Air reduces

Path | Path Il height ... ... and range.
(Air) (Vacuum) ‘

y
Range 98.5m 177 m » )

Maximum 53.0m 76.8m
height

Time of 6.6 79s
flight I
. . RS SR SR S AAN SRS AR
aSee Fig. 4-13. The launch angle is 60° and  crmememmmssasscssine —
the launch speed is 44.7 m/s. Figure 4-13
Copyright ©2018 John Wiley & Sons, Inc 38
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]
4 Summary qofe)

Position Vector
* Locates a particle in 3-space
r=xi+ y] + zKk, Equation (4-1)
Displacement
+ Change in position vector

—

AF = Fz — 1. Equation (4-2)
AF = (X2 - X1)€+(y2 - yl)] + (22 — Z1) K, Equation (4-3)
AT = AXi + Ay j+ AzK. Equation (4-4)

Copyright ©2018 John Wiley & Sons, Inc 39
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4 Summary ofe)

Average and Instantaneous Velocity

\7avg = ﬂ Equation (4-8)
At
y=dar. Equation (4-10)
dt

Average and Instantaneous Accel.

—

aa\,g = V2= V1 = ﬂ Equation (4-15)
At At
- dv
a=—. Equation (4-16)
dt
Copyright ©2018 John Wiley & Sons, Inc 40
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4 Summary ofe)

Projectile Motion
* Flight of particle subject only to free-fall acceleration (g)

1 2
Y=Y, = Vgt ) gt Equation (4-22)
= (v, sin Qo)t—lgtz,
2
Vv, =V, sin 6, — gt Equation (4-23)
* Trajectory is parabolic path

- 9¢ Equation (4-
=(tan g, ) x ——— quation (4-25)
y=(tan ) 2(v, cos 6,)°

Copyright ©2018 John Wiley & Sons, Inc 41
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4 Summary wofe)
* Horizontal range:
V2 .
R =-2sin 26,. Equation (4-26)
g
Copyright ©2018 John Wiley & Sons, Inc 42
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